Cosmological perturbations through the big bang 
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Several scenarios have been proposed in which primordial perturbations could originate from 
quantum vacuum fluctuations in a phase corresponding to a collapse phase (in an Einstein frame) 
preceding the Big Bang. I briefly review three models which could produce scale-invariant spectra 
during collapse: (1) curvature perturbations during pressureless collapse, (2) axion field perturba- 
tions in a pre big bang scenario, and (3) tachyonic fields during multiple-field ekpyrotic collapse. 
In the separate universes picture one can derive generalised perturbation equations to describe the 
evolution of large scale perturbations through a semi-classical bounce, assuming a large-scale limit in 
which inhomogeneous perturbations can be described by locally homogeneous patches. For adiabatic 
perturbations there exists a conserved curvature perturbation on large scales, but isocurvature per- 
turbations can change the curvature perturbation through the non-adiabatic pressure perturbation 
on large scales. Different models for the origin of large scale structure lead to different observational 
predictions, including gravitational waves and non-Gaussianity. 
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I. INTRODUCTION 

How did the universe begin? The standard Hot 
Big Bang model, based on four-dimension Friedmann- 
Robertson- Walker (FRW) cosmology, starts with an ini- 
tial singularity where our notion of spacetime described 
by Einstein's general theory of relativity breaks down. 
But we do not expect general relativity, or any classi- 
cal theory of spacetime, to hold right up to a Big Bang 
singularity. Quantum fluctuations about a simple FRW 
metric in general relativity, including first-order inhomo- 
geneities in the geometry in a semi-classical description, 
become large as the energy density, and thus the cos- 
mological expansion rate H, becomes comparable to the 
Planck scale, 10 19 GeV. In alternative models, such as 
models with large extra dimensions, the classical four- 
dimensional effective theory may break down at much 
lower energies. 

Cosmology can be studied without worrying about 
what came before the Big Bang as long as we have some 
prescription for the initial conditions, at whatever time 
we choose to apply the rules of general relativity, or some 
model of four-dimensional semi-classical gravity. In the 
homogeneous and isotropic FRW cosmology it may be 
sufficient to specify an initial thermal temperature and 
evolve this forward to the present day. But the standard 
Hot Big Bang model does not give a unique prescription 
for the initial distribution of inhomogeneities - spatial 
variations in the matter and geometry across the initial 
spatial hypersurface. Indeed there is no reason that they 
should necessarily be small perturbations, but observa- 
tions (notably of the cosmic microwave background) sug- 
gest they are. 
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There are two logical possibilities for the origin of pri- 
mordial perturbations. Either they are produced after 
the Big Bang, or they originate before the Big Bang. 

There is a simple model to generate an initial spectrum 
primordial perturbations due to vacuum fluctuations dur- 
ing inflation driven by a slowly-rolling, self-interacting 
scalar field. The accelerated expansion leads to the vac- 
uum fluctuations on small scales (much smaller than the 
Hubble length, H^ 1 ) being swept up to large (super- 
Hubble) scales where they become "frozen-in" by the cos- 
mological expansion. The amplitude of the fluctuations 
at the Hubble scale is proportional to H and the slowly 
varying expansion rate leads to an almost scale invariant 
spectrum. The weak interactions required for a slowly- 
rolling field naturally lead to an almost Gaussian distri- 
bution for the primordial perturbations on large scales. 
After almost 30 years of theoretical development this in- 
flationary picture of the early universe has become the 
standard model for the origin of structure^. There is no 
single agreed model for which fundamental field is respon- 
sible for driving inflation and/or generating structure, 
but there are numerous possibilities based on extensions 
beyond the standard model of particle physics-. 

But it is also possible that the large scale structure 
of our Universe is inherited from vacuum fluctuations 
during an earlier non-inflationary phase, before the Big 
Bang 3 . It is this possibility that I will discuss in this 
paper. There are many similarities with the inflationary 
model for the origin of structure in that one can calcu- 
late a spectrum of perturbations on large, super-Hubble 
scales in the Hot Big Bang model assuming only vacuum 
fluctuations on small, sub-Hubble scales in a preceding 
phase, only one now assumes that the preceding phase 
was one of accelerated contraction (in the Einstein frame 
where general relativity applies). This requires an inter- 
mediate bounce from contraction to expansion and one of 
the unresolved problems is whether such a bounce really 
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occurs in this manner and if so whether the perturba- 
tions spectrum calculated in the collapse phase can be 
related to perturbations in the standard Hot Big Bang. I 
will argue that under fairly general conditions the spec- 
trum on large scales of interest can be expected to be 
preserved through a bounce, while acknowledging that 
there is as yet no entirely satisfactory physical model for 
the bounce. 

The existence of a cosmological phase before the Big 
Bang leads to a radically different view regarding the 
initial conditions for the universe 4 ^, and such models 
have been criticised^ for requiring a very large universe 
(relative to the Planck scale) before the big bang. In- 
deed, as I will discuss, in some cases the generation of a 
scale-invariant spectrum of primordial perturbations re- 
quires the unstable growth of perturbations during col- 
lapse. However given the uncertainty in what constitutes 
a "natural" initial state for the cosmos, I will consider the 
possible observational consequences of a collapse era. 

II. HOMOGENEOUS COLLAPSE 

In this paper I will consider a four-dimensional back- 
ground cosmological model that is spatially homogeneous 
and isotropic and therefore described by the Friedmann- 
Robertson- Walker metric 

ds 2 = -dt 2 + a 2 {t) llj dx i dx j . (1) 

where 7^ is the metric on a maximally symmetric 3-space 
with uniform curvature K . The Hubble expansion rate 
(or collapse rate) is H = a/a. 

Local energy conservation gives the continuity equa- 
tion for matter 

p=-3H(p + P), (2) 

where p is the energy density and P the isotropic pres- 
sure. For a linear barotropic equation of state P = wp 
this can be integrated to give p oc a~ 3 ( 1+UI ). 

In a collapsing universe, d < 0, in the presence of mat- 
ter with p + 3P > (or w > —1/3) the energy density 
grows faster than the spatial curvature K/a 2 . Note that 
in an expanding universe one requires p + 3P < (or 
w < —1/3) for the energy density to grow relative to the 
spatial density, and this is the usual condition for infla- 
tion. For simplicity I will assume in the following that 
spatial curvature is negligible, so that 7^ = 6ij. More 
problematic in a collapsing universe is anisotropic shear® . 
In the simplest case of a Bianchi I universe the shear is 
proportional to a -6 (where in this case we can still think 
of a 3 as the volume factor). Thus the anisotropic shear 
grows relative to matter in a collapsing universe for any 
matter with P < p. 

Although a fluid description yields simple linear 
barotropic equation of state (for matter w = 0, or ra- 
diation w — 1/3) I will be interested in microphysical 
description of the matter where one can use a quantum 



vacuum state to set the initial conditions for inhomoge- 
neous perturbations at early times. Thus I will consider 
canonical scalar fields ipi with energy density and pres- 
sure 

P = V(<p I )+Y,l<fi, (3) 
1 

P = -V(<p I )+Y,l<fi- (4) 
1 

where V(<pi) is the potential energy. In particular a 
scalar field with an exponential potential, Vj (<£>/) oc 
exp(— XjKtpi) where k 2 = 8ttG, provides a simple model 
with P = wp where 1 + w = A 2 /3. This is the basis 
of both power-law inflation 9 for A 2 < 2 and ekpyrotic 
collapse^ with A 2 > 2. 

Canonical scalar fields also have a kinetic-dominated 
cosmology if the potential energy can be neglected such 
that P = p = J^i corresponding to a stiff equation 

of state with w = 1. Indeed in a collapsing universe 
where the energy density grows as the universe collapses, 
the kinetic energy eventually dominates over any finite 
potential energy. 

We can identify three scalar-field collapse scenarios 
based on the form of the potentia l 11 ' 12 : 

• Non-stiff collapse with P < p: stable with respect 
to spatial curvature for P > — p/3 but unstable 
with respect to anisotropic shear. 

• Pre-Big Bang 3 collapse P = p: stable with respect 
to spatial curvature and marginally stable with re- 
spect to anisotropic shear—. 

• Ekpyrotic collapse 1 ^ with P ^> p: stable with re- 
spect to spatial curvature and anisotropic shear. 

The last two are models which have been inspired 
by ideas from string theory and are intrinsically higher- 
dimensional models. Nonetheless most of the quantita- 
tive results have been developed for effective theories de- 
scribing scalar fields in four-dimensional spacetime. Both 
take as their starting point the notion that string theory 
should be a self-consistent theory without the singulari- 
ties found in general relativity. 

The pre Big Bang model 3 - ' 13 ' 14 assumes that our ob- 
servable Universe began in a low energy, weak coupling 
state well described by a low energy effective action of 
string theory. Although sometimes written in terms of 
an expanding cosmology in the string frame where the 
dilaton field is non-minimally coupled to the spacetime 
curvature, this solution can be conformally transformed 
to a collapsing cosmology described by general relativ- 
ity in the so-called Einstein framed. As the dynamics is 
dominated by the kinetic energy it is independent of the 
form of the potential or even the number of fields. As the 
energy density becomes large, and the dilaton becomes 
large, the low-energy and weak-coupling approximations 
inevitably break down. This offers the possibility that 
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the general relativistic singularity is resolved, but this 
goes beyond the low-energy effective descriptio n 16 ' 17 . 

The ekpyrotic mode l 10 ' 18 ' 20 was originally motivated 
by cosmological solutions describing the motion of branes 
in a higher-dimensional spacetime. But again this is usu- 
ally described by an effective theory of scalar fields in 
a four-dimensional spacetime. In contrast to the pre 
Big Bang, it incorporates a negative effective poten- 
tial which is unbounded from below, leading to approx- 
imately power-law collapse model with w S> 1. This 
ultra-stiff fast-roll collapse driven by a steep, negative 
potential is in many ways dual to quasi-de Sitter, slow- 
roll inflation driven by a flat, positive potential. Unlike 
the pre Big Bang the model approaches the weak cou- 
pling during the collapse phase. In the original model 
the authors appealed to the higher-dimensional picture to 
resolve the apparent singularity in the four-dimensional 
effective theory 2 ^. 



III. LINEAR PERTURBATIONS DURING 
COLLAPSE 

A. Free field perturbations in an FRW cosmology 

Let us first consider the dynamics of free field pertur- 
bations in a FRW background with scale factor a and 
Hubble rate, H = a/a, where a dot denotes derivatives 
with respect to cosmic time t. 

Consider an inhomogeneous perturbation, ipi — > 
tpi(t) + 6(pi(t, x), of the Klein-Gordon equation for a 
scalar field in an unperturbed FRW universe: 



For k 2 /a 2 > |1 - 3w\H 2 and k 2 /a 2 > 



we can 



Sip j + 3HS(fj + (mj - V 2 ) S(fi = , 



(5) 



where the effective mass-squared of the field is m 2 = 
d 2 V/dip 2 , and V 2 is the spatial Laplacian. Decomposing 
an arbitrary field perturbation into eigenmodes of the 
spatial Laplacian (Fourier modes in flat space) X7 2 5ipi = 
— (k 2 /a 2 )S(pi, where k is the comoving wavenumber, 
we find that small-scale fluctuations undergo under- 
damped oscillations on sub-Hubble scales (with comoving 
wavenumber k > aH), but on large super-Hubble scales, 
k < aH, the modes are overdamped (or "frozen-in"). 

This is most clearly seen in terms of the rescaled field 
and conformal time 

vj = aSipi , adrj = dt . (6) 

The Klein-Gordon equation ([5]) becomes 



v'j + [k 2 + a 2 mj -—jvi = 0. (7) 

We have a simple harmonic oscillator with time- 
dependent effective mass 



2 2 2" , 

u = ijija = m 

a ' 



l-3w 



neglect the effective mass and we have essentially free 
oscillations. Normalising the initial amplitude of these 
small-scale fluctuations to the zero-point fluctuations of 
a free field in flat spacetime we have^ 2 - 



8<pi 



-ikt/a 



aV2fc 



(9) 



During an accelerated expansion or collapse \a\ = \aH\ 
increases and modes that start on sub-Hubble scales 
(k 2 > a 2 H 2 ) are stretched up to super-Hubble scales 
(k 2 < a 2 H 2 ). For k 2 <C |1 - 3w\a 2 H 2 we can neglect 
the spatial gradients in Eq. (O. Perturbations in light 
fields (with mass-squared m 2 -C |1 — 3w\H 2 ) become 
over-damped (or "frozen-in" ) and Eq. §§§ evaluated when 
k ~ aH gives the power spectrum for scalar field fluctu- 
ations at "Hubble-exit" 



Ps, 



VI \k=aH 



Ank 3 
(2^)3 



\ S rf\h=aH 



(10) 



Heavy fields with m 2 3> |1 — 3w\H 2 /4 remain under- 
damped and have essentially no perturbations on super- 
Hubble scales. But light fields become over-damped and 
can be treated as essentially classical perturbations with 
a Gaussian distribution on super-Hubble scales. Then on 
large scales we have 



Sip T ~C + D 



dt 



(11) 



H'\a z . (8) 



where C and D are constants of integration. In an ex- 
panding universe with w < 1 the integral converges and 
the field fluctuations become frozen-in on large scales. 
However in a collapsing universe with w < 1, there is a 
growing mode at late times. This is due to the instability 
with respect to the kinetic energy of the field which (like 

anisotropic shear) grows as Sip cx a in a collapsing 
universe. 

Vacuum fluctuations in massless fields during quasi- 
de Sitter expansion (|if| <C H 2 ) produces approximately 
constant amplitude of scalar field fluctuations at Hubble- 
exit which then remain approximately constant on super- 
Hubble scales, thus producing an approximately scale- 
invariant spectrum. During an accelerated collapse H 2 
grows rapidly (H = — 3(1 + w)H 2 /2) and thus the typical 
amplitude of fluctuations at Hubble-exit grows rapidly 
with time. During pre-big bang or ekpyrotic collapse 
with w > 1 these perturbations are frozen-in and hence 
minimally coupled, massless fields acquire a steep blue 
spectrum. On the other hand if w < 1 the instability 
causes perturbations to grow on super-Hubble scales and 
in the particular case of a pressureless collapse (w = 0) 
the super-Hubble growth exactly matches the growth of 
perturbations at Hubble-exit leading to a scale-invariant 
spectrum of perturbations on super-Hubble scale o 23 ' 24 ' 25 . 

It is interesting to note that it is the presence of an in- 
stability that enables the collapse phase with growing H 2 
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to produce a scale-invariant spectrum^. It is also possi- 
ble to produce a scale invariant spectrum if the field has 
a tachyonic mass, m 2 < 0, which again leads to super- 
Hubble modes that grow at precisely the same rate as the 
fluctuations at Hubble-exit 27 . Another means to produce 
a scale-invariant spectrum is due to a non-minimal cou- 
pling, as in the case of pseudo-scalar axion fields in the 
pre big bang scenario 2 ^. 

Thus far we have neglected the interactions of the 
field perturbations, including the gravitational coupling, 
which is valid only for isocurvature field perturbations, 
whose energy-momentum is negligible. In the next sec- 
tion we will include the effect of linear metric perturba- 
tions. 



B. Scalar field and metric perturbations, with 
interactions 

To track the evolution of more general perturbations 
we need to include interactions between fields and, even 
in the absence of explicit interactions, we need to include 
gravitational coupling via metric perturbations. 

For an inhomogeneous matter distribution the Einstein 
equations imply that we must also consider inhomoge- 
neous metric perturbations about the spatially flat FRW 
metric. The perturbed FRW spacetime is described by 
the line element 2 ^ 

ds 2 = -(1 + 2A)dt 2 + 2ad l Bdx l dt 

+a 2 [(1 - 2ip)Sij + 2dijE + hij] dx l dx J , (12) 

where di denotes the spatial partial derivative d/dx l . We 
will use lower case latin indices to run over the 3 spatial 
coordinates. 

The metric perturbations have been split into scalar 
and tensor parts according to their transformation prop- 
erties on the spatial hypersurfaces. The field equations 
for the scalar and tensor parts then decouple to linear 
order. Vector metric perturbations are related to the 
divergence-free part of the momentum, which vanishes 
identically at linear order for minimally coupled scalar 
fields. However vector perturbations have been studied, 
for example, in the pre big bang model as possible source 
of primordial magnetic fields due to the non-minimal cou- 
pling of the dilaton field^. 

The tensor perturbations, h^, are transverse (d l hij = 
0) and trace-free (5^ hij — 0). They are automatically 
independent of coordinate gauge transformations. These 
describe gravitational waves as they are the free part of 
the gravitational field and evolve independently of linear 
matter perturbations. 

We can decompose arbitrary tensor perturbations 
into eigenmodes of the spatial Laplacian, V 2 eij = 

— (k 2 /a 2 )e[^' x \ with two possible polarisation states, + 
and x , comoving wavenumber k, and scalar amplitude 
h(t): 



The Einstein equations yield a wave equation for the am- 
plitude of the tensor metric perturbations 



k 2 

3Hh+—h 



0, 



(14) 



This is the same as the wave equation ([5]) for a massless 
scalar field in an unperturbed FRW metric. Thus initial 
vacuum fluctuations on sub-Hubble scales give rise to a 
power spectrum for tensor metric fluctuations at Hubble- 
exit' 51 proportional to that given in Eq. (10) 



V h \ k=ah = ^G 



(15) 



Note that as the Hubble rate approaches the Planck scale, 
H 2 — ► G _1 , the power in metric perturbations becomes 
of order unity, signalling the expected breakdown of the 
semi-classical description. 

The four scalar metric perturbations A, diB, i/)6ij and 
dijE are constructed from 3-scalars, their derivatives, 
and the background spatial metric. In particular the 
intrinsic Ricci scalar curvature of constant time hyper- 
surfaces is given by 



rV 2 ^. 



(16) 



First-order perturbations of a canonical scalar field in a 
first-order perturbed FRW universe obey the wave equa- 



tion 



31 



5<pj + 3HS(p T 4- -^8ipi 4- VijSipj 
n. * — * 



-2ViA + fa 



A + 3ijj + —(a 2 E-aB) 



(17) 



where the mass-matrix Vjj = d 2 V/dfjd(pj. The Ein- 
stein equations relate the scalar metric perturbations 
to matter perturbations via the energy and momentum 
constraints 2 ^ 



4%G6p 



3H N; + HA 
k 2 



il> + H{a z E-aB) 



-AnGSq = ip + HA, 



(18) 
(19) 



where the energy and pressure perturbations and mo- 
mentum for n scalar fields are given by^i 



i 

5P = £ [fa ( § Vi - A 
i 



ViSipi 



(20) 
(21) 
(22) 



(13) where Vj = dV/dipi 
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We can construct a variety of gauge- invariant combina- 
tions of the scalar metric perturbations. The longitudinal 
gauge corresponds to a specific gauge-transformation to 
a (zero-shear) frame such that E = B = 0, leaving the 
gauge-invariant variables 



$ = A- 



dt 



a 2 (E-B/a) 



ij + a 2 H(E-B/a). 



(23) 
(24) 



Another variable commonly used to describe scalar 
perturbations during inflation is the field perturbation 
in the spatially flat gauge (where i/j = 0). This has the 
gauge-invariant definitio n 32 i 33 : 



£1 



(25) 



It is possible to use the Einstein equations to elimi- 
nate the metric perturbations from the perturbed Klein- 
Gordon equation (fl"7|) . and write a wave equation solely 
in terms of the field perturbations in the spatially flat 



gaug< 



,34 



Sip I4 , + 3H5<p I4 , + —S(fi^ 

8ttG d fa 3 . . 
Vij — ¥Wj 



E 



j 



a" 



dt 



Sipj^ = . (26) 



This generalises the single free-field Klein-Gordon equa- 
tion (O to multiple, interacting fields. 

For any light fields (whose masses are small compared 
to the Hubble scale) the amplitude of perturbations at 
Hubble-exit is approximately given by Eq. (|10p , however 
the evolution on large, supcr-Hubble scales now depends 
on the fields interactions. 

It is often useful to identify the "adiabatic" field per- 
turbation which is a perturbation forwards or backwards 
along the background trajectory in field spaced (see van 
Tent 3 ^ for the generalisation to non-canonical fields) 



(27) 



where 



trajectory, is through a non-adiabatic pressure perturba- 
tion 



P, 



nad., 



-25 S V 



= 2 (v a Sa-J2 v i S fi 



(32) 



If the potential gradients vanish orthogonal to the 
background trajectory, S S V = (for isocurvature fields 
at a local extremum of their potential), then the adia- 
batic and isocurvature field perturbations decouple. The 
isocurvature perturbations obey the Klein-Gordon equa- 
tion ([5]) while the adiabatic field perturbations (on spa- 
tially flat hypersurfaces) obey the Klein-Gordon equation 
for a single field in a perturbed FRW cosmology 



5a ^ + 3HSa 



8irG d 



dt \H 



Sa^p = . 



where the final term on the left-hand-side describes the 
gravitational back-reaction due to metric perturbations. 
This is compactly written in terms of conformal time and 
v = aSa^f, and z = a&/H to give 



k A 

z 



0. 



(34) 



Analogous to Eq. ([7]) this leads to oscillating solutions on 
small scales, while on large scales where we neglect the 
spatial gradients we obtain 



H H 



Da f H 2 dt 



(35) 



In particular we see that the comoving curvature pertur- 
bation 



K = ip + —5<7 = - . 

a z 



(36) 



has a constant mode on large scales. During slow-roll 
inflation the second mode decays rapidly and is usually 
neglected, but it may become a growing mode during an 
accelerated collapse. 



(28) IV. THREE WAYS TO SCALE-INVARIANT 

SPECTRA 



The total energy, pressure and momentum perturbations 
for multiple fields in Eqs. ([20H22| can be written as 31 



6p 
5P 

8q,i 



a ( 5a — a A 



a (da — a A 
—&5a_i , 



V a 8a + V s 8s , (29) 

V a 8a , (30) 
(31) 



where V a = (dV/d<pi)ifii/a. The only effect of isocur- 
vature field perturbations, orthogonal to the background 



A. Collapse with P <JC p 

If we consider a power-law collapse, a oc (— t) p where 
p = 2/3(1 + u>), driven by a scalar field with exponential 
potential then we have H = —AirGa 2 = —(l/p)H 2 and 
hence z" / z = a" /a and Eq. (|34|) for the adiabatic field 
reduces to Eq. ([7]) for the isocurvature fields with 



z 
z 



a 
a 



(1/4) 



(37) 
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where 



p-1 



(38) 



The general solution is given in terms of Hankel func- 
tions of order \v\ 



V + H$(\kr,\)+V-H$(\kT,\) 



(2) 



(39) 



Normalising to the quantum vacuum on sub-Hubble 
scales at n — > — oo gives a spectrum of field perturba- 
tions on super-Hubble scales 2 ^ as r\ — > 



Via 



2Hr(H) V 
(^-i/2)2 3 / 2 r(3/2)y 



I) ^ 



(40) 

Thus a power-law collapse gives rise to a power-law spec- 
trum for field fluctuations on super-Hubble scales with 
spectral tilt 



Anj 



d\nk 



2\v\ 



(41) 



I have written these expressions in a way that makes 
clear that the spectral tilt is invariant under a change of 
sign of v — > —u, or equivalently 25 



P 



f - 2p 
2-3p 



(42) 



In particular we see that a scale invariant spectrum of 
fluctuations in the adiabatic field (Ans a — 0) may be 
produced either from slow-roll inflation (w = — 1 and 
v = 3/2) or a pressureless collaps e 23 ' 25 (w = and 
2/ = —3/2). This is because the general solution con- 
tains two modes and the transformation (|42p swaps the 
growing and decaying modes at late times. In slow-roll 
inflation it is the constant mode outside the Hubble- 
scale which acquires a scale-invariant spectrum whereas 
in w = collapse it is the time-dependent mode which 
grows rapidly Vsa oc H 2 outside the Hubble-scale. This 
is evidence of an instability of the background solution 
describing pressureless collapse with p oc a~ 3 which is 
unstable to the growth of scalar field kinetic energy with 

2 



8a 



oc a 



This raises questions about how fine-tuned 



the initial conditions would need to be to have a long- 
lasting, pressureless collapse phase. But if there is such 
a phase, even if it is short-lived, then it can generate 
a scale-invariant spectrum of perturbations over some 
range of scales. 

Note that the spectrum of adiabatic field fluctuations, 
massless isocurvature field fluctuations, and gravitational 
waves 2 ^ all share the same scale-dependence in a power- 
law collapse. There is a simple relation between the 
power of tensor to scalar metric perturbations during 
power-law collapse 



V h _ 64nG& 2 _ 16 
Vn ~ H 2 ~ ~p~ 



(43) 



This is small for slow-roll inflation, but is dangerously 
large (r = 8) during pressureless collapse. Current ob- 
servational bounds 37 require r < 0.3 at the time of last- 
scattering of the CMB. However whereas the tensor and 
scalar amplitudes are constant on large scales during con- 
ventional slow-roll inflation, both quantities are rapidly 
growing during pressureless collapse. Thus the final value 
for the tensor-to-scalar ratio will be model-dependent. 
In a simple bounce model 3 ^ it was found that the tensor- 
scalar ratio was small in only a small corner of parameter 
space. 



B. Pre big bang with P — p 

The pre big bang scenario is based upon bosonic fields 
in the low-energy string effective action including the 
dilaton and other moduli fields 3 - ' 13 ' 14 . Any finite po- 
tential becomes negligible as the energy density grows 
in a collapsing universe and hence the universe becomes 
dominated by the kinetic energy of the fields, leading to 
power-law collapse with w = 1 and p = 1/3. In this case 
adiabatic and canonical isocurvature field perturbations 
have a general solution given by Eq. (|39|) with Hankel 
functions of order v = 0. This gives a strong blue spec- 
tral tilt An = +3 in Eq. (|4"Tj) for both the scalar and ten- 
sor metric perturbations during the pre big bang phase 39 , 
leaving essentially no perturbations on large scales. 

Originally it was hoped that if the pre big bang could 
provide a homogeneous universe on large scales then 
causal mechanisms such as cosmic strings or other topo- 
logical defects could source primordial perturbations. 
However subsequent observations^ 7 - have shown that an 
approximately Gaussian distribution of adiabatic density 
perturbations is required on super-Hubble scales by the 
time of last scattering. 

It turns out that some isocurvature fields will have very 
different perturbation spectra if they are non-minimally 
coupled to fields such as the dilaton which are rapidly 
evolving during the pre big bang. In particular the 
pseudo-scalar axion in the four-dimensional effective ac- 
tion is coupled to the dilaton in an SL(2,R) invariant 
Lagrangian^ 



C=-\{Va) 2 - V(V X ) 2 



(44) 



The Klein-Gordon equation for isocurvature fluctuations 
in the axion field is 

k 2 

S x + (3H + 2a) S X + -^S X = . (45) 
or 

Analogous to Eq. ([7]) this can be written as 



u = , (46) 



where u = a8\ and a = e a a is the "scale factor" in 
the conformal frame in which the axion (rather than the 
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dilaton) is minimally coupled. As a result the spectral 
index for axion field perturbations turns out to be given 



Ans x = 3 — 2| cos£| , 



(47) 



where £ is an angle describing the rate at which the dila- 
ton rolls relative to other moduli fields. The invariance 
of the spectra under cos £ — > — cos £ corresponds to the 
previously noted invariance under v — ► — v which here co- 
incides with invariance under duality transformations of 
the string effective action 1 ! Perturbations of the coupled 
dilaton-axion system can be shown to be invariant under 
SL(2,R) transformations of the background solutions^. 

More generally there are many axion-type fields in 
the four-dimensional effective theories with different cou- 
plings to the dilaton and/or other moduli fields. For 
specific parameters these may acquire scale-invariant, or 
almost scale-invariant spectr all 

These isocurvature perturbations during the pre big 
bang phase still need to be converted into adiabatic den- 
sity perturbations in the primordial era. This will happen 
if the axion field leads to a non-adiabatic pressure per- 
turbation, 5-Pnad, and hence a perturbation in the local 
equation of state which changes the large-scale curvature 
perturbation 



K~H- 



,6P 



ii ad 



p 



(48) 



In recent years a number of such mechanisms have been 
investigated in the context of inflationary cosmology with 
multiple fields. 

In the curvaton scenario 40 i 41 , the axion survives from 
the pre big bang into the hot big bang phase, as a mas- 
sive, weakly coupled field. Although it's initial energy 
density is negligible, once it becomes non-relativistic its 
energy density grows relative to the radiation and can 
eventually come to contribute a significant fraction of 
the total energy density. The curvaton must decay be- 
fore primordial nucleosynthesis, but when it does so, any 
perturbation in its energy density is transferred to the 
radiation density. Curvaton models have distinctive ob- 
servational signatures including the possibility of residual 
isocurvature modes* 2 - or non-Gaussianity in the primor- 
dial density perturbation 4 ! 4 ! 

Note that the pre big bang is only marginally stable 
with respect to anisotropic shear 8 in a collapsing uni- 
verse, and anisotropics grow during any collapse with 
P < p. 



C. Ekpyrotic collapse with P ;§> p 

The ekpyrotic scenario involves a collapse phase driven 
by a steep and negative exponential potential in the four- 
dimensional effective action. This leads to an ultra-stiff 
equation of state w 3> 1 and a rapidly increasing Hubble 
rate while the scale factor only slowly decreases. This 



is in many ways the collapse equivalent of slow-roll in- 
flation where the scale factor rapidly increases while the 
Hubble rate slowly decreases. The ekpyrotic collapse is 
the stable attractor during collapse with respect to spa- 
tial curvature and shear, just as slow-roll inflation is the 
stable attractor during expansion. 

However for w 3> 1 and thus power-law collapse with 
p < 1 the spectral index given in Eqs. [)38p and l|4ip 
for scalar and tensor metric perturbations produced dur- 
ing collapse is steep and blue^ 4 - An = +2. This is 
in contrast to the original ekpyrotic papers which cal- 
culated the spectrum of scalar metric perturbations in 
the longitudinal gauge, where one finds a scale-invariant 
spectrum 4 ! We will show in the next section that if the 
collapse phase is connected to the hot big bang expansion 
by a non-singular bounce then we expect the comoving 
curvature perturbation, and not the curvature perturba- 
tion in the longitudinal gauge to be conserved on large 
scales. 

As in the pre big bang model, one requires instead a 
spectrum of almost scale-invariant perturbations in an 
isocurvature field to lead to an almost scale-invariant 
spectrum of primordial density perturbations. As in the 
the pre big bang model this could be a pseudo-scalar ax- 
ion non-minimally coupled to the adiabatic field which 
evolves during the ekpyrotic phase 4 ! However in the 
ekpyrotic phase the masses of the fields are not negli- 
gible compared with the Hubble rate and one can also 
consider scale invariance due to a tachyonic mass of an 
isocurvature field. 

A simple example is the case of two canonical 
scalar fields, both with steep negative exponential 
potentials^Li! 4 !^ 

V(tpi,ip 2 ) = -Vi exp(-XiK(fi) -V 2 exp(-X 2 Kcp 2 ) ■ (49) 

In slow-roll inflation it is known that a potential that 
is a separable sum of exponentials leads to "assisted" 
inflation^ which is a power-law expansion with power 
p = 5^/2/ A j which is larger than the power pj = 2 /A 2 
that would be obtained for any of the fields on their own, 
"assisting" slow-roll. The same happens in ekpyrotic col- 
lapse with the potential (|49|) , although the fact that p is 
larger than pi for a single field takes it further from the 
ekpyrotic limit p — > 0. 

The dynamics with multiple exponential potentials 
is most easily understood via a fixed rotation in field 
spaci 



,51,52 



X 2 Lp\ + AiV?2 



X = 



v/aTTa! 



The potential (|49|) is then given by 



V(<t>,x) = U(x)exp(-\K<j 



where 



U(x) = -Ua 



A 2 

Y^ 2 (x-xo) 2 



(50) 



(51) 



(52) 
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The "assisted" power-law solution corresponds to a 
solution where cf> evolves along the extremum, x — 
Xo =constant. One can verify that perturbations in <fi 
describes adiabatic field perturbations (j2"Tj) along this tra- 
jectory. Thus perturbations in \ are isocurvature pertur- 
bations described by Eq. ([5]) with a tachyonic mass 



2 2« 2 V 9 2 2 

= = — (w — 1 )H . 

p 2 V > 



x 



(53) 



The time dependent effective mass term in Eq. ([7|) is then 



2 2 2 

a = ma = 

x a 



a" _ (1/4) -v 2 



Tj 



(54) 



and the general solution is of the form given in Eq. (139|) 
where the order 



9 18(ui + 1) 
4 ~ (3u> + l) 2 



(55) 



Thus for w ^> 1 we have v ~ (3/2) — (2/3w) and the spec- 
tral index for isocurvature field perturbations on super- 
Hubble scales which originate from vacuum fluctuations 
is given by Eq. (|4"Tj) with Ans x — > as to — > oo. Note 
that the effective mass of the isocurvature field depends 
only on the combined A 2 and not on the individual Xj so 
we do not require any cancellations between different pa- 
rameters to obtain a scale-invariant spectrum; this comes 
out automatically for a sufficiently steep potentials with 
combined A ^> 1. On the other hand we have obtained 
an isocurvature spectrum from vacuum fluctuations only 
at the expense of perturbing about an unstable solution 
with a tachyonic direction whose mass grows proportional 
to the Hubble rate. 

Different mechanisms have been studied which could 
transfer these isocurvature field perturbations to produce 
an almost scale invariant spectrum of scalar metric per- 
turbations. This could occur at the bounce if the non- 
adiabatic field perturbations give rise to a significant non- 
adiabatic pressure perturbation during the bounce, or it 
could occur during the collapse phase as the field rolls 
away from the extremum x — Xo either due to terms in 
the potentia l 47 i 49 with dV/dx ^ 0, or simply due to the 
tachyonic instability itself which naturally causes any 
small initial deviation from x = Xo 1° grow. The stable 
late time attractor for the potential (T4"9"]) is an ekpyrotic 
collapse driven by a single field, or fa, as in the orig- 
inal ekpyrotic model. Note however that isocurvature 
fluctuations in the other field are not then close to scale- 
invariant. 

It is worth noting that the simple model in Eq. (149)) 
cannot produce a red tilt, An < favoured by current 
obervations^I. Thus one must introduce additional time- 
dependent terms either in U (x) or breaking the exact ex- 
ponential potential for <f> in Eq. (|5l"j) . One might also hope 
to include positive mass terms for x to stabilise the xo at 
early times^ 4 -, e.g., a constant mass term which becomes 
dominates at early times but becomes negligible relative 



to the growing tachyonic mass term at late times. And 
eventually one must consider additional effects which will 
produce a transition from collapse to expansion. 



V. PERTURBATIONS THROUGH A BOUNCE 

The calculations presented thus far are based on the 
dynamics of scalar fields in general relativity. This is a fa- 
miliar framework for theoretical cosmology and has been 
thoroughly explored in the context of inflationary mod- 
els of the early universe and quintessence models of the 
late universe. Thus the results are generally uncontro- 
versial, although differences in approach, notably choice 
of gauge and conformal rescalings of the metric and/or 
non-minimal coupling of fields to the spacetime curvature 
lead to differences in the presentation of results. 

However any collapse model must be connected to a ex- 
panding phase if it is to provide an explanation of initial 
conditions for the hot big bang cosmology, and in partic- 
ular the observed spectrum of almost Gaussian, almost 
scale- invariant, and almost adiabatic density perturba- 
tions before the last scattering of the cosmic microwave 
background^ 7 .. This is not easy. In the context of spa- 
tially flat FRW models any bounce (H = 0, H > 0) re- 
quires violation of the null energy condition, p + P < 0. 
This is not possible for any number of scalar fields with 
a canonical kinetic field for which p + P = a 1 > re- 
gardless of the potential energy. Instead one requires 
ghost fields with negative kinetic energy which generally 
leads to instabilities^. The effective energy-momentum 
tensor of non-minimally coupled fields may violate the 
null energy condition^ but we have calculated our met- 
ric perturbations during collapse in the Einstein frame, 
and wish to set initial conditions in the primordial ex- 
panding phase where general relativity is again assumed 
to be valid. Therefore we will require effective violation 
of the null energy condition in an Einstein frame. Prob- 
lems controlling the instabilities - usually by requiring 
some UV-completion of a low energy effective field the- 
ory containing ghost o 19 ' 47 ^ 48 - leave models invoking a 
bounce on much less secure foundation that other reali- 
sations of scalar fields in cosmology. 

One might fear that no useful predictions can be 
made in the absence of a detailed physical model for the 
bounce. However we can make some statements about 
the primordial perturbations inherited from a preceding 
collapse phase if we make apparently reasonable assump- 
tions about the bounce. A key assumption is that causal- 
ity which limits the physical scale over which a sudden 
bounce can alter the scale dependence of perturbations. 

We will consider first the case of isocurvature field per- 
turbations which depend solely on the background evo- 
lution before considering the behaviour of scalar metric 
perturbations. 
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A. Isocurvature field perturbations 

Let us consider the simplest case of a non-interacting 
scalar field perturbation obeying the Klein-Gordon equa- 
tion (O in an FRW cosmology. 

The effective mass, p 2 in Eq. {5J, contains terms from 
both the physical mass, m 2 and the expansion, a" /a. If 
the mass is bounded from below then all Fourier modes 
with wavenumber k <C |am| m i n will follow the same evo- 
lution 8ipi/8ipi(to) = f(t) independent of wavenumber 
k. In this case the scale dependence of the spectrum of 
perturbations (|4"Tj) will not be changed. But if the spa- 
tial gradients grow larger than the physical mass, then 
we need to compare the gradients with the expansion. 
During collapse we related a" /a to the comoving Hub- 
ble scale, a" /a = -(3to - l)a 2 H 2 . Clearly the Hubble 
length, H~ x , diverges at a bounce, but a" is finite and 
non-zero at a simple bounce. In fact a" /a will go through 
zero at some point before a smooth bounce (where a{rf) is 
analytic) as it is negative during the collapse phase and 
positive at the bounce, and then negative again during a 
radiation dominated expansion after the bounce. 

Nonetheless if the bounce has a finite duration then 
there is always a finite scale over which the perturbations 
evolution is significantly affected by the spatial gradients, 
and thus a long-wavelength regime in which the scale 
dependence is conserved. 

In the long-wavelength limit we can model the bounce 
by a junction condition obtained by integrating the 
Klein-Gordon equation while imposing continuity of the 
field and scale factor 



~ V A~ 


+ 


V" 






a 



a 2 Mf , 



(56) 



where we can allow for a divergent mass-term through 
the bounce 



Mj = lim / rnjdrj . 



(57) 



which could lead to a scale-independent change in the 
perturbations. 



B. Adiabatic perturbations 



perturbations forwards or backwards along this back- 
ground solution. Consistency then requires that even if 
a bounce solution invokes new physics, the same new 
physics applies locally to long-wavelength perturbations 
as applies to homogeneous FRW cosmology. 

We consider a gravitational theory where homogeneous 
and isotropic spacetimes obey a Friedmann-type con- 
straint equation, determining the expansion rate of co- 
moving worldlines, 9, and an equation for its evolution 
with respect to the proper time, r, along these worldlines, 



= 3/. 



(58) 
(59) 



For example, in loop quantum cosmology a modified ef- 
fective Friedmann equation (|58"|) can be derived^ 2 - where 
/ = f(p) that leads to a cosmological bounce, and Car- 
dassian models^ where f(p) cx p+Cp n have been investi- 
gated. In both these examples local energy conservation 
along comoving worldlines then fixes the form of g{p,p). 

In general relativity we have / = 8nGp and g = 
8nG(p + P), where G is Newton's constant. More gener- 
ally, one can always define an effective energy-momentum 
tensor such that the Einstein tensor G M „ = 8ttGT^. 
From Eqs. (f58"| and (f59"| we can identify an effective den- 
sity and pressure: 



„eff _ 



P 



f 



8nG 



P 



off _ 



/ 



8ttG ■ 



(60) 



Conservation of the Einstein tensor, V^G^ — 0, then 
requires conservation of the effective energy-momentum 
tensor, which implies 



or equivalently, from Eqs. (|58|) and ([59 



dr 



f = -0g. 



(61) 



(62) 



However, in the following we will allow / and g to be 
arbitrary functions of energy, pressure or other variables. 

In the linearly perturbed FRW cosmology (| 1 2[) there 
is a unit time-like vector field orthogonal to constant-^ 
spatial hypersurfaces^, 



We can derive a generalised equation for adiabatic 
perturbations by requiring that there exists a long- 
wavelength limit in which the evolution of the perturbed 
universe is the same as that of the FRW background 57 . 
The notion that long-wavelength perturbations can be 
modelled as piecewise homogeneous universes is known 
as the "separate universes" pictur o 58 i 59 ' 60 . This is also 
sometimes called the ultra-local approximation^. Once 
the background solution is specified, the evolution of 
adiabatic perturbations on large scales is also implicitly 
specified since adiabatic perturbations are simply local 



1 



■(1-A,-B<), 



whose expansion rate is given by 



= 3^(1-A)- V + -W 
a z a a 



(63) 



(64) 



where a prime denotes a derivative with respect to the 
conformal time rj, and the anisotropic shear is 



VV = V 2 (E' - B 



(65) 
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At zeroth-order the shear vanishes and the background 
expansion rate is 9 = 3TL/a, where TL = a' /a is the 
conformal Hubble parameter. 

For the zeroth-order homogeneous (FRW) background 
the equations ([58)) and ([59)) can be written as 



TL 



-fO: 



TL 2 -TL' = ^-g . 



(66) 
(67) 



We then can apply Eqs. ([55)) and ([55)) where we take 
/ = fo(v) + y(l- x ) and g = g (r)) + 5g(r),x) and the 
local expansion rate is given, to first-order, by Eq. ([M| . 
Neglecting all spatial gradients, we can then write the 
first-order equations in terms of the lapse function A, its 
derivative, the curvature perturbation ip and its first and 
second derivatives, 



-m^' + HA) = —Sf, (68) 
ip" - Hip' + TLA' + 2(H' - TL 2 )A = ?-Sg. (69) 



Note that these equations are independent of two of the 
scalar metric perturbations, B and E in Eq. (fT2")) . which 
determine the anisotropic shear (|65|) . which vanishes in 
this long- wavelength limit. 

For adiabatic perturbations on large scales different 
patches of the inhomogeneous universe follow the same 
trajectory in phase space, and the adiabatic perturba- 
tions correspond to a perturbation back or forward with 
respect to this background trajectory^. In this case the 
hypersurfaces of uniform-0 and uniform- (dO/dr) coincide. 
To first-order this requires Sg/g' = Sf / f' . 

More generally, we can write any perturbation Sg as a 
sum of its adiabatic and non- adiabatic parts, 



$9= -^5f + dg nad , 
Jo 



(70) 



where <5<7 na d is automatically gauge- invariant. Indeed, 
if we identify / with an effective density and g — f 
with an effective pressure, then Sg na d = 8irG[Sp eS — 

[pf lpf')5p cS ] = totG&A- If we assume / = f{p) 
in Eq. (|58|) and impose energy conservation, so that 
dp/ dr + Q(p + p) = along comoving worldlines, then 
we would require from Eq. ([59]) that g — (df /dp)(p + p) 
and then 5g na d = (df /dp)5p na d- 

Using Eqs. ([TO")) . ([6"6")l and ([6"?) , we have from Eqs. 
and ([M]) that 



3TLTL' - TL" - TL : 



TL' -TL 2 



TLTL' 



TL' -TL 2 



TL 3 2TL' 2 
A' + 



TLTL" 



TL' -TL 2 



A 



Sg na d ■ (71) 



Equation (|7ip includes the two gauge-dependent met- 
ric perturbations ip and A. If we work in the longitudinal 



gauge then we have \& = ip = A in the absence of any 
effective anisotropic pressure 2 --. (More generally one can 
use the gauge freedom to work in a pseudo-longitudinal 
gauged which is constructed such that ip = A.) We then 
have 

T „ 4TLTL' - TL" — 2TL 3 , 



TL' 



-TL 2 
2TL' 2 



TLTL" 



TL' -TL 2 



y^SWd ■ (72) 



For adiabatic perturbations the right-hand-side vanishes 
and we have a homogeneous second-order evolution equa- 
tion for ^. 

We can solve this equation by quadratures to find the 
general solutio n 58 i 65 



-1 



H 

r,2 



a 2 dr] 



(73) 



where C and D are constants of integration. Although 
the differential equation (|72p has a singular point when 
TL' — TL 2 — 0, the solution ([73")) is clearly regular through 
a bounce. 

If we use equations (ISOl to identify an effective density 
and pressure on large scales, then one can show that our 
generalised perturbation equation I172|) can be written in 
a "general relativistic" form 



3(1 H 
-\2TL' 



<r J )W 



- 2cff v> 

(1 + 3^)^]* = AnGa 2 Spf ad , (74) 
where the effective adiabatic sound speed is 

TLTL' + TL 3 - TL" 



„2eff 



m{TL' - TL 2 ) 



(75) 



Our results are consistent with previous wor k 60 i 66 
which pointed out that the curvature perturbation on 
uniform-density hypersurface s 60 ' 67 , 



TL 



C = -ip jSp, 



P' 



(76) 



is conserved for adiabatic perturbations on large 
scales assuming only local conservation of energy (see 
also 26 ' 68 ' 69 ). We can define a generalization 



Cf 



-ip-TL— 
Jo 



(77) 



which is the gauge-invariant definition of the curvature 
perturbation, —ip, on uniform-expansion hypersurfaces, 
where Sf — 0. Using Eqs. l[6"6")) and ([6"B")) we can write 



1 



TL' - TL' 



[Hip' + {TL 2 - H')ip + TL 2 A] 



(78) 



In general relativity the uniform-density, uniform- 
expansion and comoving orthogonal hypersurfaces coin- 
cide in the long-wavelength limit and hence Cf = C Using 
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Eqs. (|68p and (|69[) for the evolution of perturbations on 
large scales we obtain 

a/ a 2 

V = n , _ H 2 y ^ffnad ■ (79) 

We see that Q is constant in the large-scale limit for 
modified gravitational field equations, even allowing for 
non-conservation of energy, if the perturbations are adi- 
abatic, i.e., <5<? na d = in Eq. ([70]) . 

The growing mode solution (in an expanding universe) 
for the longitudinal gauge perturbation, a C in 
Eq. (|75|) . corresponds to Q — C, where C is a constant 
of integration. The decaying mode \t_ = Z37i/a 2 , which 
dominates during ekpyrotic collapse, does not contribute 
to the curvature perturbation Q. In a simple cosmo- 
logical bounce model, assuming a specific ansatz for the 
background evolution, one can showS 7 - that the growing 
mode of the curvature perturbation after the bounce does 
not receive a contribution from the growing mode in the 
collapse phase. 



VI. CONCLUSIONS 

It is an intriguing possibility that the large-scale struc- 
ture of our Universe today could originate from vacuum 
fluctuations in a preceding collapse phase. Cosmologi- 
cal models including a bounce from collapse to expan- 
sion are certainly speculative as the end-point of gravita- 
tional collapse remains one of the outstanding challenges 
for quantum theories of gravity. We might hope that 
gravitational collapse should be non-singular, but there 
is no guarantee that our notions of a semi-classical space- 
time will be preserved. Loop quantum cosmology offers 
one framework in which using the symmetries of FRW 
cosmology provides non-singular solutions for the homo- 
geneous background 7 -^, but the dynamical evolution of an 
inhomogeneous universe is not known. 

While the process of the bounce remains uncertain, 
I have argued that assuming our semi-classical frame- 
work still holds through the bounce, then the dynam- 
ics of a sudden bounce should affect field perturbations 
above some critical scale in a scale-independent way. And 
though the gravitational field equations controlling the 
evolution of metric perturbations through the bounce 
may be unknown, we can infer the general form of equa- 
tions governing the behaviour of metric perturbations in 
a long-wavelength limit in which the inhomogeneous uni- 
verse can be described locally in terms of homogeneous 
patches. This shows that the comoving curvature pertur- 
bation is constant on large scales for adiabatic perturba- 
tions. Non-adiabatic pressure perturbations can change 
the comoving curvature on large scales by changing the 
local equation of stated and this could imprint the scale- 
dependence of isocurvature field perturbations generated 
during collapse onto the comoving curvature in the hot 
big bang phase. 



The decrease of the comoving Hubble length |ff| _1 /a 
during accelerated collapse, like inflation in an expand- 
ing universe, leads to sub-Hubble vacuum fluctuations 
producing a spectrum on perturbations on super-Hubblc 
scales. However there is no unique limit in which one can 
obtain a scale invariant power spectrum. I have high- 
lighted three possibilities: (1) comoving curvature per- 
turbations acquire a scale-invariant spectrum in a pres- 
sureless collapse, (2) isocurvature perturbations in axion 
fields in the pre big bang scenario, or (3) isocurvature 
perturbations in a two-field model of ekpyrotic collapse. 
In all cases we require a significant non-adiabatic pressure 
perturbation to lead to a change in the comoving curva- 
ture perturbations on super-Hubble scales either during 
the collapse phase or subsequently. 

In (1) and (3) we require an instability of the back- 
ground solution so that field perturbations can grow 
rapidly on super-Hubble scales to keep pace with the 
growing Hubble rate during collapse. However in (2) this 
may be avoided because the axion is non-minimally cou- 
pled to the dilaton and so the amplitude of its vacuum 
fluctuations is controlled by the Hubble rate in a con- 
formally related axion framed. The axion can acquire a 
scale-invariant spectrum if the axion frame is undergo- 
ing inflation, while in the Einstein frame the universe is 
collapsing. 

The rapid growth of the field perturbations is likely 
to also lead to the growth of second- and higher-order 
perturbations which could lead to a non-Gaussian dis- 
tribution of primordial density perturbations. This 
has recently been calculated in multi-field ekpyrotic 
scenario a 71 ' 72 ! 73 , case(3), and the current observational 
limits provide significant constraints on the allowed pa- 
rameter values. Future observational limits should be 
able to effectively rule out such models as small non- 
Gaussianity seems to be incompatible with these fast-roll 
potentials. 

In the pre big bang or ekpyrotic collapse the gravi- 
tational waves, like the comoving curvature perturba- 
tion, acquire a steep blue spectrum during collapse. 
Thus there arc essentially no gravitational waves on large 
scales. A detection of gravitational waves on the Hubble 
scale at last scattering of the CMB would rule out these 
models. On the other hand during a pressureless collapse 
phase the gravitational waves acquire a scale-invariant 
power spectrum, like the comoving curvature perturba- 
tion, and unlike during slow-roll inflation, their relative 
amplitude is not suppressed by slow-roll parameters. The 
large relative amplitude of gravitational waves rules out 
this model unless the bounce phase strongly boosts the 
relative scalar perturbation, which may be possible in 
some cases2£. 

Ultimately we should should be able to use observa- 
tional evidence to confirm or rule out these very different 
models for the origin of large scale structure from before 
the Big Bang. 
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